Abstract-In this paper, a vehicle's lateral dynamic model is developed based on the pure and the combined-slip LuGre tire models. Conventional vehicle's lateral dynamic methods derive handling models utilizing linear tires and pure-slip assumptions. The current article proposes a general lateral dynamic model, which takes the linear and nonlinear behaviors of the tire into account using the pure and combined-slip assumptions separately. The developed methodology also incorporates various normal loads at each corner and provides a proper tire-vehicle platform for control and estimation applications. Steady-state and transient LuGre models are also used in the model development and their responses are compared in different driving scenarios. Considering the fact that the vehicle dynamics is time-varying, the stability of the suggested time-varying model is investigated using an affine quadratic stability approach, and a novel approach to define the critical longitudinal speed is suggested and compared with that of conventional lateral stability methods. Simulations have been conducted and the results are used to validate the proposed method.
I. INTRODUCTION
Tire models and tire-road friction forces have played a vital role in recent developments in the field of vehicle state estimation and control. They are incorporated into the lateral dynamics to estimate vehicle states and to analyze stability. The most widely used static tire model, known as the Magic Formula, was proposed by Pacejka et al. [1] , [2] , and Uil [3] , and provides a semi-experimental approach for tire force calculation. Canudas-de-Wit et al. proposed a dynamic tire-road friction model, known as the LuGre, in [4] - [8] , and introduced tire deflection as a state in system dynamics. Pre-sliding and hysteresis loops as well as combined friction characteristics are considered in their model [9] . Other dynamic models, examined in [10] and [11] , consider transient phases.
In the vehicle stability analysis, the most widely practiced approach uses a 2-degree-of-freedom (2DOF) planar vehicle model and a linear tire model [12] , [13] . These studies fail to predict the critical velocity and under/neutral/over steering behavior of the actual vehicle in nonlinear operating regions.
Vincent Nguyen [14] has studied the stability of vehicle lateral dynamics with bifurcation of the equilibrium conditions, and also explored some aspects of the transient response of vehicles. The study used a planar model with roll dynamics, lateral load transfer, and tire dynamics for overall stability assessment outside of normal operating ranges. Different tire models and their associated friction situations in antilock brake systems (ABSs) and longitudinal dynamics are discussed in [15] . Tire forces were used as a cascaded scheme for longitudinal vehicle dynamics, but a closed formulation of the integrated tire-vehicle with a dynamic tire model, such as LuGre [6] , is not provided.
A theoretical analysis followed by a numerical study was performed in [16] and [17] to develop a new methodology for the local stability assessment of vehicle dynamics. The effects of the bifurcation phenomena on vehicle spin and system instability were examined using the Perturbation method. The joint-point locus approach is introduced in [18] to geometrically analyze the equilibria of the system and their associated stability properties. The authors have shown that a vehicle can remain stable even when pushed to its limits. Although the attractive domain of stable poles is very narrow in the presented conditions, stability in highly nonlinear regions can still be maintained. Wang et al. has presented a new perspective to the stability analysis of ground vehicles in [19] by taking the driving model into account. Consistent with the fact that at high speeds there is a significant difference between FWD and RWD modes, the authors have shown that the existing stability-estimation techniques will fail because they fail to consider the drive model. Della Rossa et al. [20] has explored a special condition, where stability is a concern when vehicles are negotiating a curve. A 2DOF model with nonlinear tires is chosen to study the steady-state cornering condition. A set of Homoclinic bifurcations, stable, and unstable limit cycles are identified when the the vehicle, is exposed to the conditions reported by professional driver as rare but very dangerous. In all of the aforementioned studies, the pure-slip tire model is employed to avoid the complexities in analytic or even numerical methods. However, in the extreme driving conditions and nonlinear operating regions investigated by most articles, the combined-slip (combinedfriction) case is a dominant phenomenon. This characteristic of tire models is considered in this current article to check the slip ratio's adverse effect on the lateral tire capacity. This paper employs the LuGre tire model [8] and provides a new representation of the tire-vehicle interaction in canonical form, which includes linear and nonlinear parts. The lateral dynamics of a vehicle with conventional linear tires is provided in Section II. Section III recalls the pure/combinedslip LuGre tire models. Using the steady state and transient LuGre models, section IV explores the lateral dynamics arising from the general form of the pure/combined-slip approaches. The performance and robustness of the developed tire-vehicle interaction are examined and compared with those of the conventional 2DOF model in Section V. The stability of the developed linear parameter-varying (LPV) tire-vehicle lateral dynamics is analyzed in Section VI. The affine quadratic stability of the proposed LPV system is proven and compared to the tight quadratic stability condition. Consequently, speed limit criteria is introduced in accordance to the stability of the linear part of the lateral model. Section VII briefly discusses the application of the dynamics developed in this paper to the controller design. Section VIII compares the performance of the steadystate and transient models before moving on to discuss then discusses the findings on various maneuvers carried out under lateral or longitudinal excitation. The last section includes conclusions and future work.
II. VEHICLE LATERAL DYNAMICS
The 2DOF bicycle model, a well-known vehicle lateral model, provides vehicle lateral velocity and yaw rate based on longitudinal and lateral tire forces, F x and F y . The lateral dynamic is in the following form with the vehicle mass m and moment of inertia I z :
where u is the speed, subscripts f, r symbolize front and rear tracks, a, b represent the distance of the front and rear tracks from CG, δ is the steering angle on the front wheels, and v, r denote the lateral velocity and the yaw rate respectively. A linear tire model suggests lateral forces at each track F yf = C α f α f , F yr = C αr α r , in which α f , α r are the front and rear slip angles, respectively, and C α f , C αr are the cornering stiffness. Front and rear slip angles are related to the lateral states v, r as α f = δ − v+ar u , α r = rb−v u . The steering angle effect on the longitudinal/lateral forces can be ignored, and the lateral dynamic equations can be simplified as shown in [21] :
Consequently, the linear tire-vehicle handling model can be represented byẋ = Ax + Bδ, where B = [
in which the vehicle states are defined as x = [v(t) r(t)] T . Under the constant velocity assumption, the stability of the above time invariant system suggests the condition
with the understeer coefficient
lCα f Cα r and l = a+b. As pointed out above, the bicycle model is obtained under the assumption that the relation between lateral force and slip angle is linear. However, this assumption is not always realistic. More specifically, the relation between the kinematic variables (like slip ratio or slip angle) and the forces of the tire is nonlinear in general. Moreover (3) is independent of the slip ratio; i.e., the value of the longitudinal slip ratio has not been considered there. In this paper, the force components F yf and F yr are replaced with the LuGre tire model, which captures the nonlinearity of the force-slip relation. The effect of the pure and combined-slip models has also been incorporated in this study, and the developed lateral dynamics seems more practical to be used for the sideslip angle estimator or the stability control. Consequently, the derived lateral dynamics will lead to some specific characterization and conditions for stability which can be compared with those in (4) . Two vehicles, an SUV and a sedan, are used in this paper as examples to verify the lateral responses. Specifications of these vehicle are listed in Table I .
III. LUGRE TIRE MODEL
This section formulates the averaged lumped LuGre friction model, which can be implemented in the lateral dynamics.
Numerous studies on vehicle state estimation [22] - [25] or stability analysis [15] have documented tire-road forces even in the nonlinear region, represented by a group of curves, among which, the most commonly used are those of algebraic force-slip relationships such as Pacejka model [2] . Compared to other conventional approaches, e.g. Pacejka, the LuGre model utilizes relative velocities v rx = R e ω − u and v ry = uα rather than slip ratio λ = vrx max{Reω,u} and slip angle α where ω is the wheel speed and R e is the tire's effective radius. The passivity of the transient LuGre makes it a bounded and stable model and prohibits the divergence of both internal tire states and consequent forces [26] . Accurate force results will be obtained by considering normal force distributions over the contact patch and multiple bristle contact points. The average lumped LuGre model [27] symbolizes the distributed force over the patch line with some simplifications of normal force distribution; representing average deflection of the bristles, the tire internal lateral statez y in the average lumped LuGre model relates the relative lateral velocity v ry = uα and tire parameters as:
in which ζ is the the axis coordinate. The rubber stiffness σ 0 and road friction condition θ are defined in Table I . The force distribution along the patch line is represented by parameter κ in the average lumped model and can be a function of time, a constant, or may be approximated by an asymmetric trapezoidal scheme. The suggested value for κ in [27] is
, where L is the tire patch length. Moreover, g(v ry ) is defined by:
where the tire parameterτ = 0.5 is assumed for the distributed LuGre model [27] and µ c , µ s are the normalized Coulomb and static friction, respectively. The Stribeck velocity V s shows the transition between these two friction states. In the current study, identification of the LuGre tire parameters was done using the experimental curves of the Chevrolet Equinox standard tires and by utilizing an error cost function and the Nonlinear Least Square method. The tire curve resulting from the parameters identified in the lateral direction is compared with the experimental tire curve in Fig. .11 in the Appendix. The parameters listed in Table I [28] will be used in this study, and they were obtained using the nonlinear least square identification method. Equations (5), (6) are developed based on the pure-slip condition, which cannot address the issue of decreasing lateral tire capacities due to the longitudinal slip. The combined-slip (direct correlation between the lateral and longitudinal slips) LuGre model is proposed by Velenis [9] , in which the internal statez j , j ∈ {x, y} for each direction is described as:ż
where
, and M c = [µ cx 0; 0 µ cy ]. The transient function g(v r ) between the Columb and static friction in the combined slip tire model is introduced in [29] as:
where T yields [29] 
in which µ,z, v r ∈ R 2 and can be described both in longitudinal and lateral directions in the combined or unidirectional slip models. The longitudinal relative velocity is defined by v rx = λR e ω and v rx = λu for the traction and brake cases, respectively. In addition, the rubber stiffness is σ 0 = [σ 0x 0; 0 σ 0y ], the rubber damping is σ 1 = [σ 1x 0; 0 σ 1y ], and the relative viscous damping is defined by σ 2 = [σ 2x 0; 0 σ 2y ], in which σ 0j , σ 1j and σ 2j are the rubber stiffness, damping, and relative viscous damping in each direction. These pure and combined-slip models can be used in road-independent state estimation approaches [30] , will be incorporated in the lateral dynamics, and are described in the next section.
IV. LATERAL DYNAMICS WITH THE LUGRE TIRE MODEL
In Section II, a linear tire model is assumed and used to derive the lateral dynamic equation (3) . However, this assumption is not realistic due to the nonlinear nature of tire-road interactions. After discussing the LuGre model for both pure and combined-slip cases in Section III, we incorporate it into the vehicle lateral dynamics (2) in this section. This analysis leads to a formulation that captures nonlinearities in the model as well as the pure and combinedslip characteristics. The pure-slip model is addressed first. It contains the steady state and transient assumptions. Then, the combined friction case is investigated and the closed form of the combined-slip with lateral dynamics is provided to facilitate the stability analysis. The suggested formulations are also useful for the control and estimation applications.
A. Lateral Dynamics with the Pure-Slip Condition
In this subsection both the steady-state and transient forms of the pure-slip LuGre model (5) are incorporated into the lateral dynamics (2), and formulae, are derived for the linear part of the curves and the saturation/nonlinear regions.
Comparison of the steady-state assumption of the LuGre model with (5) is left to the end of this section.
1) Steady-state LuGre model: If we assume the steady state LuGre model (ż y (ζ, t) = 0) by defining new variables
the normalized lateral force µ y will be as follows with α as the slip angle at each tire/axle. (Detail of this derivation is provided in the Appendix)
To be able to write the state-space form of the lateral dynamics based on the LuGre model, we need to analyze the effect of the slip angle as discussed in the following sections. For the case where |α| γρ/u, the normalized lateral force (11) will be
Here, θ is employed with direct multiplication as an implication of the effect of road conditions. It helps in making the suggested pure-slip formulation compatible with the real tire model since the slope of the linear region of the forceslip curve is a function of the road condition as studied in the slip-slope method [31] , [32] . Normalized lateral forces of the pure-slip LuGre model and the linear part (that resembles |α| γρ/u) are depicted in Fig. 1 for various road conditions.
The lateral dynamics with the tire model can be expressed as follows after putting the tire forces of each track Several studies focuses on normal force calculation on each axle using load transfer and acceleration measurements [28] , [33] , [34] . Calculated normal forces on the front and rear axles F zf and F zr can then be utilized in (13) whenever lateral/longitudinal acceleration measurements are available. To reach a stability condition comparable with the conventional understeer coefficient (4), a static normal load distribution is used in this subsection, which results in the following vehicle state form after substituting the corresponding lateral forces from (12)
where (14) represents a linear time-varying system for the lateral dynamics with states x = [v(t) r(t)]
T and front steering; it is based on the LuGre linearized model for small slip angles. To consider the nonlinear part, disregarding the |α| γρ/u condition, one can rewrite the normalized lateral force (11) at each corner
where i ∈ {f, r} can be front or rear tires, ρ i , γ i are defined in (10), u is the vehicle speed, and α i is the slip angle at each track. The term k i uα represents the linear part (12) , and the second term shows nonlinear behavior of the lateral force with respect to the slip angle. By substituting (15) in the lateral dynamics (13), one will get 1 :
. (17) The components of H(t) representing the nonlinear region are
in which φ f and φ r are obtained as follows for the front and rear tires, respectively
The linear part, A(t), of system (17) is parameter-varying due to the varying wheel speed ω(t) in γ f , γ r and in k f , k r consequently. The stability of this system will be investigated in Section V.
The linear part of the state-space (16) for the pure-slip condition can be directly compared with its traditional counterpart (3) .
Previously, we assumed that |α| γρ/u, which covers the linear region from the spectrum of the behaviour of α. Now, we discuss the convenience of the assumption |α| γρ/u for linearized lateral dynamics. In Fig. 2 , we show the effect of the slip angle α on ||H(t)||, the Euclidean norm of the nonlinear part (18) on the SUV with the specifications summarized in Table I . Figure 2 depicts the magnitude of the nonlinear term H(t), which is a bounded function of the front and rear slip angles. Equation (16) can be utilized as a control system and an appropriate controller to mitigate the effect of this nonlinear term as discussed in Section VII.
Remark 2: Equation (16) can be rewritten using normal forces on each axle F zf and F zr instead of utilizing the static normal load distribution. This leads to the following lateral dynamics:
The nonlinear part also changes to
Remark 3: General form of the pure-slip vehicle-tire lateral dynamics can be rewritten in a linear time-varying system for large slip angle. In the case in which the slip angles satisfy |α| γρ/u (large slip angles), the normalized lateral force (11) will be µ y = ρsgn(α) + σ 2y uα. Thus, the nonlinear part H(t) can be written in a form that contains states v and r. This is done by the assumption of |α| γρ/u, which simplifies the term 1 + γρ/(uα) to 1. Thus, at very high slip angles |α| γρ/u, the term H(t) in (16) can be expressed as:
where A(i, j) is the (i, j)-th element of A in (17) and q's are:
Therefore, for large slip angles, the lateral dynamics has the following linear forṁ
2) Transient LuGre model: In this part, the state space form of the transient pure-slip case is derived and it is concluded that the steady-state case, which will be employed in this study, provides reasonable accuracy. The average lumped LuGre model (5) for the pure-slip condition and ω ≥ 0 can be expressed asż y = −E(t)z y + v ry with
and γ, ρ defined in (10) . The solution of (5) is
The condition |α| γρ/u for the linear part leads to E(t) = σ 0 γ = κR e ω(t) which simplifies (28) toz y = t 0 e −κReω(τ )(t−τ ) uαdτ , assuming zero initial condition.
Considering ω(t) ∈ [ω l , ω u ] for all t ≥ 0 where ω l , ω u are the lower and upper bounds of the wheel speed together with the fact that the above integral is an increasing function of τ we have
(1 − e −κRω l t ). Thus, the linear part of the normalized lateral force can be written as follows
with i ∈ {f, r}. By applying (29) in (13), the lateral dynamics based on the pure-slip transient LuGre model yieldsẋ
in whichĀ is the same as A in (17), but k f , k r should be replaced withk f ,k r respectively. The time-varying coefficientsk f ,k r are defined in (29) for the front and rear tracks. Details of the calculation are provided in the Appendix. The nonlinear partH is the same as in (18), but φ f , φ r should be replaced withφ f ,φ r , respectively, whereφ i = φ i + Φ i and
Therefore, the transient model converges very quickly to the steady-state model. In (30) and (29), as time goes on, the exponential terms will tend to zero. Thus, Φ i → 0 and (29) tends to (12) . The yaw rate response of the pure-slip steady state and transient models (16) and (29) (with linear and nonlinear terms) are depicted in Fig. 3 and compared with the linear tire-vehicle model (3) . The tested vehicle is the SUV provided in Table I , and the test is a step steer on a dry road with longitudinal velocity u = 65[kph], and steering angle δ = 0.035[rad] on the front wheels. The transient and steady state lumped LuGre models respond similarly to this input. Table I . More results of the suggested steady state (16) and transient models (29) and (30) are provided in Section VI, specifically in Table II , and confirms the accuracy of the steady-state approach.
B. Combined-Slip LuGre Model in Lateral Dynamics
The studies in the previous subsection and simulations in Section VI show that the steady-state model provides reasonable accuracy for several lateral tests, which makes it a sound choice for implementation in the derivation of the lateral dynamics with combined-slip friction and tire nonlinearities. Subsequently, the tire-vehicle lateral dynamics with the steady-state combined-slip LuGre model is developed in this part. A practical, closed form lateral vehicle-tire model that includes combined friction characteristics and a consideration of a slip ratio on each wheel is presented. This is an advantage of the current formulation over conventional lateral vehicle-tire approaches that assume pure-slip and work with each track instead of each corner. A general vehicle model, with two conventional degrees of freedom v, r along with the longitudinal slip ratio λ at each corner, is utilized in this section and shown in Fig. 4 . The combined-slip scheme incorporates the effect of the slip ratio, λ, and slip angle, α, simultaneously at each corner, which provides a more practical tire model. The steady-state combined-slip LuGre model with ω > 0 yields
Putting the longitudinal relative velocity v rx = R e ω − u and lateral relative velocity v ry = uα in (31) and using (9), one can obtain the following normalized lateral force of the combined-slip LuGre model:
where ψ = u 2 α 2 1 + (ηλR e ω/uα) 2 and η = (µ cx /µ cy ) 2 .
1) Deviation from the pure slip condition: One can define a metric to measure how far the system is from the pure slip condition. This metric is in terms of the ratio between the slip ratio and slip angle. More specifically, based on (32), we introduce λR e ω/uα as a metric that can be used to identify this distance. For pure slip, i.e., λR e ω/uα 1, equation (32) changes to (11) , which was investigated in the previous subsection. On the other hand, when λR e ω/uα 1, (32) can be written as
in which = ηR e ω. This represents a linear force-slip angle relationship for the large slip ratios, as illustrated in Fig. 5 by dashed lines. Equation (33) characteristics of all combined-slip tire curves for small slip angles α i as shown in Fig. 5 .
2) General form of the combined-slip model: The general form of the lateral LuGre tire forces in (32) with the combined-slip condition, can be rewritten as
Since this is a combined-slip model, the wheel speed and slip ratio at each corner (wheel) make a significant contribution in the lateral forces and the lateral dynamics. This contribution is considered when implementing both the linear part and general form (34) of the lateral force and static normal force, F zi , distribution at each corner, which results iṅ
where B (t) = [
and A (t) is
where P f = k f l + k f r , P r = k rl + k rr . The parameters k i s are defined at each corner i ∈ {f l, f r, rl, rr} independently:
The nonlinear term L(t) can be written as follows with Q f = M f l + M f r and Q r = M rl + M rr for the front and rear tracks:
where ρ i , γ i are from (10) ,
, and M i =
1
Ni − k i + σ 2yi for each tire separately. Fig. 6 represents the effect of the slip angle α on the Euclidean norm of the nonlinear parts (38) on the previously tested SUV. Remark 4: Considering suspension dynamics and the load transfer, instead of the static normal force distribution, normal forces at each corner F zf l , F zf r , F zrl , F zrr are calculated in [28] , [34] . The combined-slip tire-vehicle lateral dynamics (35) can then be rewritten utilizing normal forces asẋ
where B n (t) = [ u m P f n au Iz P f n ] T and A n (t) is described as follows
in which P f n = F zf l k f l + F zf r k f r , P rn = F zrl k rl + F zrr k rr . Subsequently, the nonlinear term L n (t) changes to:
where Q f n = F zf l M f l + F zf r M f r and Q rn = F zrl M rl + F zrr M rr for the front and rear axles.
V. STABILITY OF THE PURE AND COMBINED SLIP MODELS
This section provides the speed conditions under which the linear part of the pure-slip and combined-slip models (16), (35) are asymptotically stable. First, the stability with the time-invariant assumption is investigated and speed limit criteria are provided, then quadratic and affine quadratic stability of the parameter-varying case is explored. It is demonstrated that the notion of the affine quadratic stability will give less conservative conditions than the quadratic stability for the lateral dynamics.
A. Time-Invariant Case 1) Pure-slip model: The stability of the linear part of the system (16) with the pure-slip time-invariant assumption, i.e, constant longitudinal velocity u, can be addressed with the Hurwitz criterion on the state matrix A in (17) . Having negative eigenvalues yields mχ 2 u 2 > mχ
), there will be no constraint on the longitudinal speed u. This resembles the case K us > 0 in (4) for the conventional bicycle model with linear tires. However, with the tire parameters provided in Table I , χ 2 < 0 and this results in the following speed limit:
, and
. This is analogous to the stability condition u <
−l
Kus for the conventional time-invariant case (3) Using the LuGre model parameters provided in Table I , the speed criteria yields u ≤ 63.8[m/s], which is close to the u cr = 66[m/s] obtained by the condition (4) for the bicycle model, which has tires similar to the linear LuGre model tires.
2) Combined-slip model: The stability of the assumed time-invariant combined-slip state matrix A in (35) can be investigated similar to the pure-slip approach by introducing s i at each corner having the longitudinal slip ratio λ i :
where i ∈ {f l, f r, rl, rr}. Then, the stability condition leads to mΓ 2 u 2 > mΓ 2 2 − Γ 1 Γ 3 I z where:
Clearly, if Γ 2 > 0 (this depends on the slip ratio as well as the tire parameters at each corner), there is no criteria for the longitudinal speed that is unfeasible in practice. Having Γ 2 < 0 result in:
The conditions (42), (45) are defined for the time-invariant case, which may seem reasonable at each time step with constant speed, but the system is time-varying in practice. Consequently, the following two subsections investigate the stability of the parameter-varying lateral dynamics with the pure/combined slip LuGre tire model using the quadratic stability approach for LPV systems.
B. Quadratic Stability
The quadratic stability of the system is analyzed in this section. The linear parts of (16) and (35) are in the following formẋ
which is an LPV system due to the time-varying angular velocity ω(t). Thus, evaluating the eigenvalues does not lead to asymptotic stability. Instead, the following proposition is valid Proposition 1: [35] The following linear time-varying systemẋ
is exponentially stable ifλ < 0, with a convergence rate of at least |λ|, wherē
2 )
According to Proposition 1, system (46) is exponentially stable if λ i (A(ω(t))) < 0 for all t ≥ 0. Thus, by a converse theorem for Lyapunov stability [36] , one can conclude that there exists a quadratic Lyapunov function for (46). However, for the simplicity of the linear system, the quadratic Lyapunov candidate is assumed to be in the form of V (x(t)) = 1 2 x(t) T P x(t) for some P > 0. The derivative of the Lyapunov function along the state trajectories leads to the following condition for some Q > 0:
This can be written aṡ
where α = λmin(Q) λmax(P ) > 0. By choosing P = I, one gets
, which is the same as the matrix introduced in Proposition 1. Matrix Q(ω) is the symmetric part of A(ω), and from now, it is denoted by A s (ω). Note that the stability of A s (ω(t)) is a sufficient condition only for the stability of (46). In other words, the system (46) may be stable while A s (ω) is unstable. To find a physical condition (interpretation) for the current time-varying linear lateral models (17) and (36) similar to the condition (4) in the 2DOF bicycle model, the stability of the symmetric A s (ω) =
is studied in this subsection for both the pure and combined-slip approaches.
1) Pure-slip model:: For the stability of A s (ω) 2×2 , it is necessary and sufficient to have T r(A s ) < 0 and Det(A s ) > 0 for all t ≥ 0. Satisfying these two conditions leads to the following longitudinal speed criteria:
2) Combined friction model: The same methodology used for stability of the assumed time-varying symmetric matrix A s is used for the combined-slip case that leads to:
in which Γ 1 , Γ 3 , Γ 4 are provided in (44) and
One can compare the criteria (50) for LPV pure and combined-slip systems with their counterparts (42) for timeinvariant systems and with (4) for the bicycle model. However, the stability of A s (ω) and A s (ω) is a conservative sufficient condition for the stability of (46). Consequently (50) and (51) for both pure and combined-slip cases, suggest conservative conditions for the maximum longitudinal speed.
The following section provides another approach for the stability of (46), which consequently reaches a less conservative limit on u. Limits for the speed and slip ratio based on the quadratic stability of the time-varying pure/combined-slip models are listed in Tables III, IV . These limits are compared with the affine quadratic stability case be studied in the next section.
C. Affine Quadratic Stability
To find a less conservative condition than the asymptotic stability of the symmetric matrix A s (ω) and to check the possibility of stability at greater speeds, the affine quadratic stability of linear parts of the time-varying systems (16), (35) is studied here, using the notation of (46) with the initial condition x(0) = x 0 for all t ≥ 0. The state matrix A(ω) is said to be affinely dependent on the parameters ω when known and fixed matrices A 0 and A 1 exist such that A(ω) = A 0 +ωA 1 . The time-varying parameter and its derivatives are in the sets
Theorem 1: [37] The linear system (46) is affinely quadratically stable over all possible trajectories of the parameter vector ω(t) if A(ω m ) is stable (ω m is the average of parameter span) and there exists an affine positive definite Lyapunov function V (x, ω) = x T P (ω)x with P (ω) = P 0 + ωP 1 > 0 such that dV (ω,ω)/dt < 0 for all initial conditions x 0 and the additional multi-convexity constraint A
for all (ω,ω) ∈ S p ×S r where S p is the set of vertices of the parameter box [ω l , ω u ] and S r is the set of corners of the rates [ω l ,ω u ]. The affine quadratic stability condition implements the variation rateω(t), which makes it less conservative than the quadratic stability criteria. Proposition 2: The linear part of the lateral dynamics (16) and (35) are affinely quadratically stable with respect to the parameter ω(t) ∈ [ω l , ω u ] for all t ≥ 0 for some ω l , ω u . 1) Pure-slip model: To show the above proposition for the pure-slip model, we rewrite the state matrix A(ω) in an affinely dependent form, and we use k i ≈ σ0i κiReωi since σ 2 is small for both front and rear tires: . 2) Combined-slip condition: Affine quadratic stability can also be investigated for the combined-slip model, as shown in the following paragraph. Equation (36) can be rewritten as an affine linear parameter varying system such as A(ω) = A 0 +ω f l A 1 +ω f r A 2 +ω rl A 3 +ω rr A 4 wherē
, A(ω) can be expressed as:
in which i 1 ∈ {f l, f r}, i 2 ∈ {rl, rr}.
VI. RESULTS AND DISCUSSION
Independent simulations are carried out in this section using the steady-state and transient LuGre tire models with the pure and combined-slip assumption. Stability of the suggested parameter-varying lateral models is also explored. The vehicle selected for the first test is a Sedan with the specifications listed in Table I . A standard double lane change maneuver with the maximum steer angle of δ = 0.0525[rad] on the front wheels is examined and the lateral velocity response with u = 70[kph] on a dry road is depicted in Fig. 7 . The response of the system with the linear tire model is compared to the complete (both linear and nonlinear parts) steady state and transient pure-slip models (16), (29) .
As can be seen in Fig. 7 , the steady-state model demonstrates good accuracy (compared with the transient one). The predicted larger lateral velocity for the LuGre models is due to the fact that the saturation, nonlinear regions, and consequently, tire capacities are considered in these approaches, but the linear tire model has no capacity or limit on lateral forces.
The pure-slip model (5) can also be employed for the longitudinal direction. The performance of the pure-slip longitudinal LuGre model is studied in Fig. 8 There are deviations between the steady-state and transient model near the acceleration and brake points due to not considering the transient response in the steady-state approach, but the performance of the steady-state model is good as quantified in Table II for different maneuvers and vehicles. To summarize, the RMS of the error between the transient and steady-state LuGre models are listed in Table II for two vehicle models. The step steer and double lane change maneuvers are denoted by S-Str and DLC, respectively. Deviations of the steady-state (SS) front tire internal state z yf and the slip angle α f from the transient ones with the pure-slip condition are reported in Table II as well. 0.57% 1.2% Sedan; DLC δ = 0.052, ux = 80kph 0.8% 1.64% Sedan; DLC δ = 0.075, ux = 80kph 2.17% 2.6% Maneuver z yf α f SUV; S-Str δ = 0.03, ux = 70kph 0.4% 0.36% Sedan; DLC δ = 0.03, ux = 80kph 0.6% 0.72% Sedan; DLC δ = 0.075, ux = 80kph 1.47%
1.6%
As seen in Table II , the SS model exhibits good accuracy in slip angle and z yf , which are correlated with the lateral states v and r. It substantiates that the states calculation error produced by the SS model with the pure-slip assumption is negligible in such DLC and S-Str driving scenarios. To compare the results of the linear part of the suggested pureslip model (16) (PS, Lin. LuGre), the linear part of the proposed combined-slip model (35) (CS, Lin. LuGre), the complete form (linear and nonlinear) of (16) (PS, NonLin. LuGre), and the conventional linear bicycle model (3) (Linear tire), a standard double-lane change maneuver is performed on the SUV with parameters provided in Table I . The lateral velocity results of the test on a dry road with speed u = 54[kph] are illustrated in Fig. 9 . The maximum steering angle is δ max = 0.07[rad] on the front wheels, and the longitudinal slip ratio is λ = 20% for the combined-slip model. It can be concluded from Fig. 9 that the linear tire model provides the same response as the linear part of (16) . Thus, the tuned LuGre parameters in Table I are compatible with the cornering stiffness of the linear tire model. This compatibility is also confirmed by Fig. .11 , which shows correspondence between the experimental tire curve and the LuGre model with the identified parameters in Table I . As predicted by the model, the slip ratio significantly affects tire capacity and results in higher lateral velocity. The expected lateral tire forces of the combined-slip model, even with the linear part, are smaller than those of the complete LuGre (linear and nonlinear) model with pure-slip assumption. Thus, the predicted largest vehicle's side-slip angle β at CG for the combined-slip model with the linear part is β cs,lin = 5.15
• , which is higher than the acceptable margin β = 5
• and suggests marginally stable condition. On the other hand, the complete form (linear and nonlinear) of the pure-slip LuGre model exhibits β ps,nonlin = 2.7
• that is within the allowable side-slip angle margin. Figure 10 illustrates the lateral velocity of the same SUV using the developed pure and combined-slip models (denoted by PS and CS in the figure) on a slippery road with θ = 0.4 and speed u = 47 [kph] . The combined-slip results are plotted as well for the longitudinal slip ratio λ = 25%. Figure 10 confirms the reducing effect of the longitudinal slip ratio on the lateral capacity of tires. A higher slip ratio reduces the tires' lateral forces and leads to higher lateral velocity and consequently large and unstable maximum sideslip angle β CS,Lin = 10.6
• on the slippery road. Example 1: The SUV with the parameters introduced in Table I is selected here to show the difference between the outcome of the quadratic stability and the stability of the symmetric matrix A s (t). The critical speed obtained by (50), which is the location of the eigenvalues of symmetric matrix A s (t) is u = 12.4m/s on a dry road, but the affine quadratic stability condition (53) with the multi-convexity constraint a 
This confirms that the affine quadratic stability provides a more practical stability condition than the stability of the symmetric matrix A s (t), which is conservative. The maximum allowable speed are compared for the three stability criteria in Table III in which LTI, LG and LTI, L-tire represent the time-invariant stability conditions (42) and (4) on the lateral dynamics with the linear LuGre and conventional linear tire models respectively. The quadratic and affine quadratic stability conditions are denoted by QS and AQS respectively. Example 2: The stability of the symmetric matrix A s (t) and the quadratic stability criteria of the affine system (55) are compared in this example. The same vehicle is tested with the combined-slip LuGre mode. The affine quadratic stability condition (53) on the affine system (55) (with independent wheel speed at each corner) suggests the following symmetric matrix P (ω i ) with p 1 = 1.84 − 1.03ω f + 0.0007ω r , p 2 = −0.29 − 0.065ω f + 0.53ω r and p 3 = 0.845 − 0.56ω f + 0.254ω r on a dry road with λ = 20%:
in whichω f =ω f l +ω f r ,ω r =ω rl +ω rr . This stability criteria suggests the maximum speed u = 19.6[m/s], but the stability of the symmetric matrix A s (t) yields the maximum speed u = 8.1[m/s]. The maximum allowable longitudinal slip ratio λ max and the maximum speed are compared for the two stability criteria in Table IV.   TABLE IV The first two rows provide the limit for the longitudinal slip ratio, λ max , on both dry and wet roads, with constant speed. The maximum speed, u max , for a constant slip ratio on different roads is suggested in the third and fourth rows. Table IV reveals the conservative characteristics of the stability criteria on A s (t)
VII. CONCLUSION
The purpose of this paper has to address the nonlinear and saturated tire behaviors as well as linear region in lateral vehicle dynamics. Two main developments have been adopted for the tire-vehicle lateral state space model: a) incorporation of both steady-state and transient LuGre tires; b) employing the pure and combined-slip models. Based on the developed tire-vehicle lateral dynamics and simulation results, the following conclusions can be made:
Application to control/estimation: the novel methodology presented in this article and the suggested general forms of the tire-vehicle lateral models (16) and (35) provide a framework to achieve analytical solutions for control and estimation problems. This has a significant advantage over the cascaded methods that need slip ratio/angles to calculate forces (in a tire model) and then to get vehicle states by solving lateral dynamics and calculated forces. Lateral dynamics with the pure/combined-slip models: The interaction of longitudinal and lateral slips and their effect on the lateral dynamics were fully studied in this article. Equation (16) provides a general form of the pure-slip lateral dynamics in which the linear part is isolated from the nonlinear. The vehicle dynamics assuming a combined tire slip is presented in (35) . This equation can be used to predict accurately the vehicle's lateral stability when tires are in their nonlinear and saturated regions. Therefore, controllers and state observers can be designed based on the closed formulations (16) and (35) of the tire-vehicle model delivered in this paper.
Normal force incorporation at each corner: one significant advantage of the suggested model is that it can be used whenever normal forces at each corner are available; see (20) for the pure-slip case and (39) for the combined-slip friction model. Large slip angles: for large slip angle cases, the nonlinear part H(t) in (16) yields a form that contains states (lateral velocity and yaw rate). Thus, the general form (linear and nonlinear parts) of the pure-slip condition can be rewritten in a linear parameter-varying system provided in (26) , which is practical for the stability analysis or control applications.
Stability, time-invariant case: different stability criteria for the derived lateral dynamics were explored and compared with that of the bicycle model. For the time-invariant case, speed limit criteria (42) and (45) are suggested for the pure and combined-slip cases respectively.
Stability, time-varying case: The quadratic stability (QS) of the linear parts of the time-varying pure/combined-slip lateral dynamics was investigated and speed limits for the pure and combined-slip models were suggested in (50) and (51). Furthermore, the time-varying systems (16), (35) were rewritten in the affine parameter-varying forms (54), (55) with a proper variable change and affine quadratic stability (AQS) was studied to find a less conservative condition than the QS. The AQS suggests more practical speed limits guaranteeing the quadratic stability of the proposed tirevehicle lateral model.
APPENDIX

A. LuGre parameter identification
The LuGre tire parameters are obtained by fitting to the experimental tire curves with the Nonlinear Least Square method and the result is shown in Fig. .11 for the normal force of F z = 4.5[kN ] on a dry road. Identified parameters are also listed in Table I B. Derivation of Eq. (11)
The lateral internal state of the LuGre tire model for the steady-stateż y = 0 pure-slip condition can be written as: where σ 0y and σ 2y are rubber stiffness and relative viscous damping defined in Table I , ρ = θg(v ry ), and γ = κR e ω/σ 0y .
C. Lateral dynamics with the transient LuGre model
The lumped LuGre model (5) can be written as: The linear part is proposed is extracted as follows with the road condition θ and the slip angle α i at each tire.
Thus, the nonlinear part can be described as Therefore,φ i can be defined asφ i = φ i + Φ i where φ i and Φ i are provided in (19) and (30) wherek f andk r are defined in (29) for the front and rear axles.
